Abstract. In this article, we extend an inequality that compares the pull-back of the total dimension divisor of an étale sheaf and the total dimension divisor of the pull-back of the sheaf due to Saito. Using this formula, we generalize Deligne and Laumon's lower semi-continuity property for Swan conductors of étale sheaves on relative curves to higher relative dimensions in a geometric situation.
1. Introduction 1.1. Let S be an excellent noetherian scheme, f : X Ñ S a separated and smooth morphism of relative dimension 1, D a closed subset of X which is finite and flat over S, U the complement of D in X and j : U Ñ X the canonical injection. Let ℓ be a prime number invertible in S and F a locally constant and constructible sheaf of F ℓ -modules on U of constant rank. For any point s P S, we denote bys Ñ S an algebraic geometric point above s (cf. 2.2) and by Xs and Ds the fibers of f : X Ñ S and f | D : D Ñ S ats, respectively. For each point x P Ds, we define (1.1.1) dimtot x pj ! F | Xs q " Sw x pj ! F | Xs q`rankpF q,
where Sw x pj ! F | Xs q denotes the classical Swan conductor of the sheaf j ! F | Xs at x which is an integer number [12, 19.3] . The sum 
]).
We take the notation and assumptions of 1.1. Then,
(1) The function ϕ : S Ñ Z is constructible and lower semi-continuous on S.
(2) If ϕ : S Ñ Z is locally constant, then f : X Ñ S is universally locally acyclic with respect to j ! F .
1.3. Assume that f : X Ñ S has relative dimension ě 1, and D is a Cartier divisor on X relative to S. For each algebraic geometric points of S, the ramification of F | Us along Ds defines a divisor supported on Ds which is called the total dimension divisor of F | Us on Xs (cf. (1.5.1)). It is a generalization of the sum (1.1.2). This article is devoted to proving the semi-continuity of the total dimension divisor of étale sheaves in a geometric setting, that generalizes the property (1) of theorem 1.2 (cf. theorem 1.7 and theorem 4.5).
1.4. Let K be a complete discrete valuation field, O K its integer ring and F the residue field of O K . We assume that the characteristic of F is p ą 0. Let K be a separable closure of K and we denote by G K the Galois group of K{K. Abbes and Saito defined a decreasing filtration G r K pr P Q ě1 q of G K , called the ramification filtration [1, 2] . We fix a prime number ℓ different from p. Let M be a finitely generated F ℓ -module on which the wild inertia subgroup of G K acts through a finite quotient, M " À rPQ M prq the slope decomposition of M (cf. (3.2.1)) and
the total dimension of M (cf. (3.2.2)). If the residue field F is perfect, then the ramification filtration coincides with the canonical upper numbering filtration shifted by one [1, 3.7] and the total dimension of M is the sum of the classical Swan conductor of M and the dimension of M over F ℓ .
1.5. In the following, let k be an algebraically closed field of characteristic p ą 0. Let Y be a smooth k-scheme, E a reduced effective Cartier divisor on Y , tE i u iPI the set of irreducible components of E, W the complement of E in Y , h : W Ñ Y the canonical injection and G a locally constant and constructible sheaf of F ℓ -modules on W . Let ξ i be the generic point of E i ,ξ i a geometric point above ξ i , η i the generic point of the strict localization Y pξiq andη i a geometric point above η i . The restriction G | ηi is associated to a finite F ℓ -module with a continuous Galpη i {η i qaction. We denote by dimtot Ei ph ! G q the total dimension of G | ηi (1.4.1) and, following [9, Definition 3.5], define the total dimension divisor of G by the formula
It is a divisor with integral coefficients ( [13, 4.4.3] and [9, Proposition 3.10]).
1.6. In the following, let S be an irreducible k-scheme of finite type, f : X Ñ S a separated and smooth k-morphism of finite type, D an effective Cartier divisor on X relative to S, U the complement of D in X and j : U Ñ X the canonical injection. For each point s P S, we denote bys Ñ S an algebraic geometric point above s and by Xs (resp. Ds) the fiber of f : X Ñ S (resp. the fiber of f | D : D Ñ S) ats. We assume that f | D : D Ñ S is smooth and that, for each geometric points Ñ S, the fiber Ds is irreducible. Let F be a locally constant and constructible sheaf of F ℓ -modules on U . For any point s P S, the total dimension number dimtot Ds pj ! F | Xs q is independent of the choice ofs. It defines a function ψ : S Ñ Z. Theorem 1.7. Under the assumptions of 1.6, the function ψ : S Ñ Z is constructible and lower semi-continuous on S.
Confer to theorem 4.5 for a more general statement.
1.8. The strategy to prove theorem 1.7 starts from an inequality due to Saito that compares the pull-back of the total dimension divisor of an étale sheaf and the total dimension divisor of the pull-back of the sheaf (cf. 3.7). We take again the notation and assumptions of 1.5. Let C be a smooth k-curve and ι : C Ñ Y an immersion. We assume that C intersects E properly at a closed point y P Y , that E is smooth at y and that the ramification of G is non-degenerate at y [9, Definition 3.5] (cf. 3.6). Then, we have [9, Proposition 3.9]
Moreover, if ι : C Ñ Y satisfies a certain geometric condition (cf. 3.7), we have [9, Proposition 3.9]
Firstly, we extend the inequality (1.8.1). More precisely, we prove that (1.8.1) holds without assuming that E is smooth at y and that the ramification of G is non-degenerate at y (proposition 4.2). After that, using the generalized inequality (1.8.1) and the equality (1.8.2), we reduce theorem 1.7 to a relative curve case. Using theorem 1.2, we deduce the following two properties of ψ : S Ñ Z:
(1) For any closed point t P S, we have ψptq ď ψpηq, where η denotes the generic point of S (more generally, cf. proposition 8.2). (2) There exists an open dense subset V Ă S such that, for any closed point t P S, we have ψptq ě ψpηq (more generally, cf. proposition 8.4).
Finally, we prove that theorem 1.7 is a consequence of properties (1) and (2) 2. Notation 2.1. In this article, k denotes an algebraically closed field of characteristic p ą 0. We fix a prime number ℓ which is different from p and a finite field Λ of characteristic ℓ. All k-schemes are assumed to be separated and of finite type over Specpkq and all morphisms between k-schemes are assumed to be k-morphisms.
2.2. Let x be a point of a scheme X. An algebraic geometric pointx Ñ X above x is a morphism Specpkpxqq Ñ X that factors through the canonical map Specpkpxqq Ñ X, where kpxq is an algebraic closure of kpxq.
2.3. Let f : X Ñ S be a morphism of schemes, s P S ands Ñ S a geometric point above s. We denote by X s (resp. Xs) the fiber of f : X Ñ S at s (resp. the fiber of f : X Ñ S ats). For any morphism π : S 1 Ñ S, we put X 1 " XˆS S 1 and put π 1 : X 1 Ñ X the canonical projection. Assume that f : X Ñ S is flat and of finite presentation. Let D be a Cartier divisor on X relative to S [5, IV, 21 2.4. Let X be a smooth scheme over a field. We denote by TX the tangent bundle of X and by T˚X the cotangent bundle of X. For x P X, we put T x X " TXˆX x and TxX " T˚XˆX x.
2.5. Let κ be a field, X be a smooth κ-scheme and C a closed conical subset in T˚X [3, 1.0]. Let h : Y Ñ X be a κ-morphism of smooth κ-schemes. We say that h : Y Ñ X is C-transversal at a point y P Y if pkerpdh y q X CqˆX hpyq " t0u Ď Th pyq X, where dh y : Th pyq X Ñ Tẙ Y is the canonical map. We say that h : Y Ñ X is C-transversal if it is C-transversal at every point of Y . If h : Y Ñ X is C-transversal, we define h˝C to be the image of YˆX C in T˚Y , where dh : YˆX T˚X Ñ T˚Y is the canonical map. It is also a closed conical subset of T˚Y .
Let f : X Ñ W be a κ-morphism of smooth κ-schemes. We say that f : X Ñ W is C-transversal at a point x P X if df´1 x pCq " t0u Ď Tf pxq W , where df x : Tf pxq W Ñ TxX is the canonical map. We say that f : X Ñ W is C-transversal if it is C-transversal at every point of X.
Let h : Y Ñ X and f : Y Ñ W be a pair of κ-morphisms of smooth κ-schemes. We say that ph, f q is C-transversal if h : Y Ñ X is C-transversal and f : Y Ñ W is h˝C-transversal.
2.6. Let X be a scheme over a field and D and E two Cartier divisors on X. We say that D is bigger than E and write D ě E, if D´E is effective.
2.7. Let X be a scheme over a field of finite type, f : Y Ñ X a morphism of finite type and g : Z Ñ X a regular immersion of codimension c. We say Z intersects Y properly if, for each irreducible component Y 1 of Y , the fiber product Z 1 " Y 1ˆX Z is equidimensional and the canonical injection Z 1 Ñ Y 1 is of codimension c.
Ramification and geometric invariants of étale sheaves
3.1. Let K be a complete discrete valuation field, O K its integer ring and F the residue field of O K . We assume that the characteristic of F is p ą 0. Let K be a separable closure of K and G K the Galois group of K{K. Abbes and Saito defined a decreasing filtration G r K (r P Q ě1 ) of G K by closed normal subgroups called the ramification filtration [1, 3.1] . For any r ě 1, we put
. If F is perfect, the filtration tG r K u rPQě1 coincides with the canonical upper numbering filtration shifted by one (loc. cit.). If CharpKq " p, then, for any r P Q ą1 , the graded piece G 
The decomposition (3.2.1) is called the slope decomposition of M . The values r ě 0 for which
If the residue field F is perfect, the invariant dimtot K M is the classical total dimension of M , i.e.,
3.3. In the following of this section, let κ be a field of characteristic p. Let X be a smooth κ-scheme, D a reduced effective Cartier divisor on X, tD i u iPI the set of irreducible components of D, U the complement of D in X and j : U Ñ X the canonical injection. We assume that each D i is generically smooth over Specpκq. Choose an algebraic closureκ of κ. We denote by ξ i the generic point of an irreducible component of D i,κ " D iˆκκ , byξ i a geometric point above ξ i , by η i the generic point of the strict localization Xκ ,pξiq , by K i the function field of Xκ ,pξiq and by K i a separable closure of K i . Let F be a locally constant and constructible sheaf of Λ-modules on U . The restriction F | ηi corresponds to a finitely generated Λ-module with a continuous GalpK i {K i q-action. Since the Galpκ{κq-action on the set of irreducible components of D i,κ is transitive, the total dimension dimtot Ki pF | ηi q of F | ηi dose not depend on the choice of κ nor on the choice of the irreducible component of D i,κ . Following [9, Definition 3.5], we define the total dimension divisor of j ! F on X and denote by DT X pj ! F q the divisor:
It has integral coefficients ( [13, 4.4.3] and [9, Proposition 3.10]). Let κ 1 be a finite extension of κ and f : X κ 1 " Xˆκ κ 1 Ñ X the canonical projection. By definition, we have
Remark 3.4. In the following, under the assumption of 3.3, we denote by
3.5. Let S be an irreducible κ-scheme of finite type, f : X Ñ S a smooth κ-morphism, tD i u iPI a set of effective Cartier divisors on X relative to S, D the sum of all D i pi P Iq, U the complements of D in X and j : U Ñ X the canonical injection. For each i P I, we assume that D i is irreducible as the associated closed subscheme of X and that f | Di : D i Ñ S is smooth. We denote by η the generic point of S. Notice that D i,η is an integral effective Cartier divisor on X η for each i P I. Let F be a locally constant and constructible sheaf of Λ-modules on U . We define the generic total dimension divisor of F on X and denote by GDT f pj ! F q the divisor (remark 3.4)
Let S 1 be an irreducible smooth κ-scheme of finite type and π : S 1 Ñ S a dominant and generically finite κ-morphism. We denote by f 1 :
3.6. Let X be a connected smooth k-scheme of dimension n, D a reduced effective Cartier divisor on X, U the complement of D in X and j : U Ñ X the canonical injection. Let F be a locally constant and constructible sheaf on U . After removing a closed subset Z Ď D of codimension 2 in X, the complement D 0 " D´Z is smooth and the ramification of F along D 0 is non-degenerate [9, Definition 3.1]. Roughly speaking, the ramification of an étale sheaf along a divisor is nondegenerate if its ramification is controlled by the ramification at generic points of the divisor. Saito defined the characteristic cycle of j ! F on the complement X 0 " X´Z using Abbes and Saito's ramification theory and denoted by CCpj ! F q [9, Definition 3.5]. It is an n-cycle on the cotangent bundle T˚X 0 . The support of CCpj ! F q is called the singular support of j ! F and denoted by SSpj ! F q. It is a closed conical subset of T˚X 0 . In this case, the singular support SSpj ! F q is a union of the zero-section TX 0 X 0 and a closed conical subset of D 0ˆX0 T˚X 0 and, for every point
3.7. We take the notation and assumptions of 3.6. Let C be a smooth k-curve and g : C Ñ X an immersion. We assume that C intersects D properly at a closed point x P X, that D is smooth at x and that the ramification of F along the divisor D is non-degenerate at x. Hence, the singular support of j ! F can be defined using ramification theory in a neighborhood of x (cf. 3.6). Then we have [9, Proposition 3.9]
3.8. We should mention that the singular support and characteristic cycle of étale sheaves can be constructed in a more general setting beyond [9] (cf. 3.6). Let X be a smooth κ-scheme and K be a complex of étale sheaves of Λ-modules on X with bounded constructible cohomologies. We say that K is micro-supported on a closed conical subset C Ď T˚X if for every C-transveral pair of κ-morphisms h : Y Ñ X and f : Y Ñ W (2.5), the morphism f : Y Ñ W is locally acyclic with respect to h˚K . Beilinson recently proved that there exists a smallest closed conical subset C Ď T˚X on which K is micro-supported [3, Theorem 1.2]. It is called the singular support of K and denoted by SSpK q. If X is connected, each irreducible component of SSpK q has dimension dim κ X (loc. cit.).
Assume that κ is perfect and that X is connected of dimension n. Saito recently defined an n-cycle in T˚X supported on the singular support of K , which is characterized by a Milnor formula [11, Theorem 3.6] . It is called the characteristic cycle of K and denoted by CCpK q. The intersection of CCpK q and the zero-section of T˚X computes the Euler-Poincaré characteristic of K [11, Theorem 4.21].
Main results
4.1. Let X be a smooth k-scheme, D a reduced effective Cartier divisor on X, U the complement of D in X, j : U Ñ X the canonical injection and F a locally constant and constructible sheaf of Λ-module. Proposition 4.2. We take the notation and assumptions of 4.1. Let C be a smooth k-curve and i : C Ñ X an immersion. We assume that C intersects D properly at a closed point x P X. Then, we have
This proposition is a generalization of (3.7.1). More generally, we have the following theorem : Theorem 4.3. We take the notation and assumptions of 4.1. Let Y be a smooth k-scheme and f : Y Ñ X a k-morphism such that YˆX D is an effective Cartier divisor on Y . Then, we have
4.4. Let S be an irreducible k-scheme, f : X Ñ S a smooth k-morphism, tD i u iPI a set of effective Cartier divisors on X relative to S, D the sum of all D i pi P Iq, U the complements of D in X and j : U Ñ X the canonical injection. For every i P I, we assume that D i is irreducible as the associated closed subscheme of X and that f | Di : D i Ñ S is smooth. For any point t P S, we denote by ρ t : X t Ñ X the canonical injection. Let F be a locally constant and constructible sheaf of Λ-modules on U . (1) for any point s P V , we have ρs pGDT f pj ! F" DT Xs pj ! F | Xs q; (2) for any point t P S´V , we have ρt
This theorem generalizes Deligne and Laumon's result [8, 2.1.1] (cf. theorem 1.2) in the geometric case. Proposition 5.3. Let κ be a field with infinitely many elements, X a connected smooth κ-scheme of dimension n ě 2, D an effective Cartier divisor on X which is smooth at a κ-rational point x P D and S Ď TxX a closed conical subset of dimension 1. Then, we can find a smooth κ-curve C and an immersion h : C Ñ X such that C intersects D transversally at x and that kerpdhq X S " t0u, where dh : TxX Ñ TxC is the canonical map.
Geometric preliminaries
Proof. Since S is a closed conical subset of dimension 1 of TxX, it is a union of finite many 1-dimensional vector spaces
The divisor D is smooth at x P X, then the stalk of the tangent bundle T x D is a hyperplane of T x X. Since κ has infinitely many elements, we can find a non-zero vector
We denote by H λ Ď TxX the dual hyperplane corresponding to λ P T x X and byt 1 ,¨¨¨,t n´1 generators of H λ . Let t 1 ,¨¨¨, t n´1 be liftings oft 1 ,¨¨¨,t n´1 in the maximal idea m x of O X,x . Zariski locally on x P X, we define a curve C by the ideal pt 1 ,¨¨¨, t n´1 q. It is smooth at z and T x C is spanned by λ P T x X. We have pC,
implies that kerpdhq X S " t0u. 1 such that, for every w P W r , the fiber E r,w is geometrically irreducible. We let W be the intersection of all W r pr P Jq.
Corollary 5.6. Let S be an irreducible k-scheme, f : X Ñ S a smooth k-morphism, tD i u iPI a set of effective Cartier divisors on X relative to S, D the sum of all D i pi P Iq. For every i P I, we assume that D i is irreducible as the associated closed subscheme of X and that f | Di : D i Ñ S is smooth. Let R " ř iPI r i¨Di be a Cartier divisor on X. If there exists an open dense subset V Ď S such that, for each closed point t P V , the fiber R t is an effective Cartier divisor on X t (2.3), then R is also effective.
Proof. We may assume that S is integral. By proposition 5.4, this problem can be reduced to the case where D is irreducible. Let h : W Ñ S be an étale morphism and we denote by h W : X W " XˆS W Ñ X its base change. Then R is effective if and only if hW R is effective. Hence, replacing S by an étale neighborhood, we may assume that, for any point s P S, the fiber D s is geometrically irreducible (proposition 5.5). In this case, for any closed point s P S such that
Proposition 5.7 ([9, Proposition 3.8]). Let X be a smooth k-scheme, D a reduced Cartier divisor on X, U the complement of D in X, j : U Ñ X the canonical injection and F a locally constant and constructible sheaf of Λ-modules on U . Then for any smooth morphism π : Y Ñ X, we have
6. Bounding the pull-back of the total dimension divisor over a curve 6.1. In this section, we prove proposition 4.2. We take the notation and assumptions of 4.1 and proposition 4.2.
6.2. Proposition 4.2 is a local statement for the Zariski topology on X. We assume that X is connected of dimension n ě 2. Choose a regular system of parameters t 1 ,¨¨¨, t n of O X,x such that the ideal pt 1 ,¨¨¨, t n´1 q is the kernel of canonical map i˚: O X,x Ñ O C,x . We defined a map
In a Zariski neighborhood of x P X, it induces a k-morphism f : X Ñ A V above x such that D V is a disjoint union of two schemes such that one of them, denoted by R, is finite and flat over V and x 1 is the unique point in the intersection f´1 V pO 1 q X R, where f V : X V Ñ V denotes the base change of f : X Ñ A n´1 k
and O 1 " f V px 1 q. After replacing X V by a Zariski neighborhood W of x 1 , we may assume that R " D V X W . We denote by g : W Ñ V the composition of the canonical injection W Ñ X V and f V : X V Ñ V . We have the following commutative diagram
where the left square is Cartesian. Let Z Ď R be a closed subset of codimension 1 in R such that R´Z is smooth over Specpkq and the ramification of F | W along R´Z is non-degenerate (3.6). Since g| R : R Ñ V is finite and flat, the image gpZq is a closed subset of V , which is not dense in V . Then there exists a smooth k-curve B and an immersion ι : B Ñ V such that O 1 P ιpBq and that ιpBq X gpZq Ď tO 1 u.
For any closed point
By Deligne and Laumon's lower semi-continuity of Swan conductors [8, 2.1.1], the function
is lower semi-continuous. Meanwhile, the function
is constant, since DT W pj ! F | W q is a divisor on W supported on R and g| R : R Ñ V is finite and flat. We deduce form (6.4.1) that GpO 1 q ě F pO 1 q, i.e.,
By proposition 5.7 and the flat pull-back formula, we have
By (6.4.2) and (6.4.3), we obtain (4.2.1)
Bounding the pull-back of the total dimension divisor over an arbitrary variety 7.1. In this section, we prove theorem 4.3 and give a corollary. We take the notation and assumptions of 4.1 and theorem 4.3.
proof of theorem 4.3.
This is a local problem for the Zariski topology of Y . We may assume that f : Y Ñ X is the composition of a closed immersion i : Y Ñ A n X and the canonical projection π : A n X Ñ X. By proposition 5.7, we have
Hence, we are reduced to the case where f : Y Ñ X is a closed immersion. The case dim k Y " 1 is done in section 6. We focus on the case where dim k Y ě 2.
After replacing Y by a neighborhood of a generic point of S " pYˆX Dq red , we may assume that S is irreducible and smooth over Specpkq and that the ramification of f˚j ! F along S is nondegenerate (3.6). Let y be a closed point of S. The fiber SS y pf˚j ! F q P Tẙ Y of the singular support of f˚j ! F is of dimension 1. By proposition 5.3, there exists a smooth k-curve C and a closed immersion i : C Ñ Y such that C intersects S transversally at y and that i : C Ñ Y is SSp˚j ! F q-transversal at y.
By [9, Proposition 3.9] (cf. (3.7.2)), we have
We put x " f pyq. Consider C as a curve in X by the closed immersion f˝i : C Ñ X. By proposition 4.2, we have
Since f is a closed immersion, we have
By (7.2.1), (7.2.2) and (7.2.3), we have
Since C intersects S transversally at y, the inequality (7.2.4) implies that
3. Let z be a closed point of D, r X the blow-up of X at z, g : r X Ñ X the canonical projection, r j : U Ñ r X the unique lifting of j : U Ñ X, tD i u iPI the set of irreducible components of D that contains z, r D i pi P Iq the strict transform of D i in r X and E " g´1pzq the exceptional divisor on r X. We denote by e z pD i q pi P Iq the multiplicity of D i at z [4, 4.3] .
Corollary 7.4. We have the following inequality (remark 3.4)
Proof. Applying theorem 4.3 to the morphism g : r X Ñ X, we have
Since g˚D i " r D i`ez pD i q¨E [4, Example 4.3.9] , the coefficient of E in the left hand side of (7.4.2) is ř iPI e z pD i q¨dimtot Di pj ! F q. The coefficient of E in the right hand side of (7.4.2) is dimtot E pj ! F q. Hence, we get (7.4.1).
8. Semi-continuity of total dimension divisors 8.1. In this section, we prove theorem 4.5. We take the notation and assumptions of 4.4. If f : X Ñ S is a relative curve, then theorem 4.5 is just a consequence of [8, 2. 
Hence, we are reduced to the case where S is smooth over Specpkq.
In the following, we fix a closed point s P S. This is a local statement for the Zariski topology of X. After shrinking X, we may assume that X is irreducible, that pD s q red has a unique irreducible component and that, for each i P I, pD s q red Ď D i . Notice that, for each i P I, we have D i,s " Ý Ñ pD s q red . We put n " dim k X´dim k S.
Let z P D s be a closed point such that the ramification of j ! F | Xs along pD s q red is non-degenerate at z (3.6). We can find a smooth k-curve C and a closed immersion ι : C Ñ X s such that the curve C intersects pD s q red transversally at z and that the immersion ι : C Ñ X s is SSpj ! F | Xs qtransversal at z (proposition 5.3) . Choose a regular system of parameterst 1 ,t 2 ,¨¨¨,t n of O Xs,z , such that pt 1 ,¨¨¨,t n´1 q is the kernel of O Xs,z Ñ O C,z and that pt n q is the kernel of O Xs,z Ñ O pDsq red ,z . For each 1 ď r ď n´1, choose a lifting t r P O X,z oft r P O Xs,z . We define an
After replacing X by a Zariski neighborhood of z, the map g z induces an S-morphism g : X Ñ A and we put E " YˆX D and, for i P I, put E i " YˆX D i . By proposition 5.2, there exists a connected étale neighborhood γ : S 1 Ñ S of s P S such that
(1) the pre-image s 1 " γ´1psq is a point; (2) the fiber product E 1 " EˆS S 1 is a disjoint union of two schemes Q 1 and T 1 , (3) the canonical map Q 1 Ñ S 1 is finite and flat and Q 1 s 1 " tz 1 u, where z 1 denotes the unique pre-image of z P E s .
Since the restriction h| Ei : E i Ñ S is étale for each i P I, we may also assmue that (4) for each i P I, the canonical map
We have the following commutative diagram with Cartesian squares 
For every i P I, we have (proposition 4.2)
Notice that, for each i P I, the curve Y 1 η intersects the divisor D i,η transversally in Xη at the point
Since the immersion ι : C Ñ X s is SSpj ! F | Xs q-transversal at z, we have (3.7.2)
which implies that 
Using a similar method, we prove the following proposition which implies that the total dimension number on the generic fiber reaches minimum in an open dense subset of S. It is the key step of proving proposition 8.4. Proposition 8.3. Let η be the generic point of S. We assume that, for each point t P S, the fiber D t is geometrically irreducible. Then, there exists an open dense subset V Ď S, such that, for any point t P V , we have
Proof. This is a Zariski local problem at the generic point of S. We may assume that S is smooth and that X is irreducible. We put n " dim k X´dim k S. Let T be a connected and smooth kscheme and β : T Ñ S a flat and generically finite morphism. By (3.3.2), to verify the proposition, it is enough to verify it after the base change by β : T Ñ S.
Letη Ñ S be an algebraic geometric point above η,z P Dη a closed point such that Dη is smooth atz and that the ramification of F | Uη along Dη is non-degenerate atz. Since S can be replaced by a flat and generically finite cover T as above, we may assume thatz can be descended to a kpηq-rational point z P D η . Since the function field kpηq of S has infinitely many elements, after shrinking X, we can find a smooth kpηq-curve C and a closed immersion ι : C Ñ X η such that the curve C intersects D η transversally at z and that the base change ιη : Cη Ñ Xη of ι : C Ñ X η is SSpj ! F | Xη q-transversal atz (proposition 5.3).
Choose a regular system of parameters t 1 , t 2 ,¨¨¨, t n of O Xη ,z such that pt 1 , t 2 ,¨¨¨, t n´1 q is the kernel of O Xη ,z Ñ O C,z and that pt n q is the kernel of O X,z Ñ O D,z . We define a kpηq-morphism g η : kpηqrT 1 , T 2 ,¨¨¨T n´1 s Ñ O Xη ,z by g η : kpηqrT 1 , T 2 ,¨¨¨T n´1 s Ñ O X,z , T i Þ Ñ t i .
After shrinking X by a Zariski neighborhood of z again, the map g η induces an S-morphism g : X Ñ A and we put E " YˆX D. Since h| E : E Ñ S is étale, there exists a connected étale neighborhood γ : S 1 Ñ S of the geometric pointη Ñ S such that (1) the fiber product E 1 " EˆS S 1 is a disjoint union of Q 1 and P 1 ; (2) the canonical map Q 1 Ñ S 1 is an isomorphism and Q 1 contains a pre-image of z P E η .
We have the following diagram with Cartesian squares
Assume that t is not closed. We take the notation of 8.5. Applying Step 1 to pF | UT , f T : X T Ñ T q, there exists an open dense subset W Ď T such that, for any closed point s P W , we have (8.6.5) ιs pGDT fT pj ! F | XT" DT Xs pj ! F | Xs q.
By proposition 8.2, for each s P W , we have (8.6.6) ιs pρT pGDT f pj ! Fě DT Xs pj ! F | Xs q.
By (8.6.5), (8.6.6) and corollary 5.6, we get ρT pGDT f pj ! Fě GDT fT pj ! F | XT q.
Applying ιt to both sides of the equation, we obtain again ρt pGDT f pj ! Fě DT Xt pj ! F | Xt q.
Thus, property (2) of theorem 4.5 is proved. l
